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Exact Outage Probability for Equal Gain Combining With Cochannel
Interference in Rayleigh Fading
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Abstract—Equal gain combining (EGC) diversity has perfor-
mance close to that of maximal ratio combining but at lower im-
plementation complexity. We present a new outage performance
analysis for EGC in mobile cellular radio systems that are limited
by cochannel interference and undergo Rayleigh fading. We uti-
lize a new model where interfering signals add in amplitude and
phase across antenna array elements. In addition, the interfering
signals may each have a different power. In comparing our anal-
ysis to an existing method, we find that: 1) as much as 1.5 dB dif-
ference in signal-to-interference ratio may exist at the same prob-
ability of outage and 2) the existing method can lead to overly op-
timistic outage performance prediction in certain situations.

Index Terms— Cochannel interference (CCI), diversity methods,
Rayleigh channels.

1. INTRODUCTION

PACE DIVERSITY can improve mobile radio system per-
S formance by weighting and combining the received signals
from all antenna branches to combat fading and cochannel in-
terference (CCI) [1]. Space diversity schemes include maximal
ratio combining (MRC), equal gain combining (EGC), and se-
lection diversity [2]. The EGC scheme has a performance close
to that of MRC but with simpler implementation. We study the
impact of CCI on EGC, since CCl is a major factor which limits
frequency reuse in cellular systems. In particular, we focus on
the outage probability, i.e., the probability of unsatisfactory re-
ception in the intended coverage area.

In previous related work, Abu-Dayya and Beaulieu studied
the outage probability for EGC with CCI in Nakagami-m fading
[3], where the interfering signal components are added incoher-
ently across antenna array elements. The analysis in [3] was
restricted to the case of equal interferer powers. In real sys-
tems, however, the interferer powers may be distinct. More re-
cently, Shah and Haimovich derived the signal-to-interference
ratio (SIR) of EGC in CCI [4], where only the ratio of mean
signal power to mean interference power was considered, and
where the interferer powers were equally distributed.

In the following, we present an exact outage probability anal-
ysis of EGC in Rayleigh fading with CCI. A more accurate
model for interference power calculation is presented in Sec-
tion II in the sense that the coherence (amplitude and phase) of
interferers is taken into account in the output power from the
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EGC-combined diversity branches. The model also takes in ac-
count pulse shape, random delays between interfering signals,
intersymbol interference, as well as both equal and distinct in-
terferer powers. In Section IV, we analytically compare the new
outage analysis to that of [3] for the case of one interferer. In
Section V, we present numerical outage calculations for varying
numbers of antennas and interferers for both equal and unequal
power distributions.

II. SYSTEM MODEL

We assume that CCI is the limiting source of performance
degradation [1]; therefore, for simplicity, we ignore the thermal
noise in our system model and consider only an interference-
limited environment. The transmitted signals from the desired
and the ¢th interfering user are, respectively,

+oo
so(t) = V/PT > amlher(t —mT)

m=—00

and

+o0
si(t)=/PT Y ai[mlhr(t—mT)

m=—00

where hr(t) is transmitter pulse response, 1/7 is the data trans-
mission rate, and P; and P; are the transmitting powers of the
desired and the ith interfering signals, respectively. The trans-
mitter filter is assumed to have a square-root raised cosine fre-
quency response with a rolloff factor p (0 < p < 1)[5]. The
data symbols as[m] and a;[m] are mutually independent with
zero-mean and unit variance.

The baseband received signal vector at an M -element re-
ceiver antenna array is

+o0

r(t) = \/PS—TCS Z as[m]hy(t — mT)
L +oo

+ Z VP Te; Z ailm)hr(t — mT — ;)

m=—0oo

where L is the number of interfering signals, the random delay
7; is assumed to be uniformly distributed over the interval [0, T),
and ¢, and ¢; are the channel vectors for the desired and the
ith interfering user, respectively. All channel vectors are as-
sumed to be quasistatic (constant over a time frame [4]) and
to have uncorrelated realizations in different frames. We further
assume independent Rayleigh fading among diversity branches,
i.e., the elements of ¢, and ¢; are independent identically dis-
tributed (i.i.d.) complex Gaussian random variables (RVs) with
zero-mean and unit variance. Therefore, the channel covariance
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matrix becomes E[cscf ] = E[ciciH ] = I, where the su-
perscript H denotes the Hermitian operation and I denotes an
M x M identity matrix. Finally, we assume that ¢s and ¢;s are
mutually independent.

Assuming perfect synchronization for the desired user, sam-
pling the output of the receiver matched filter at £ = nT’, we
obtain

r[n] =/ PsTesas[n] + Z v/ P;Te;zi[n)]

where

+oo
Z a;[mlh(nT — mT — 7;)

m=—00

zi[n] =

and where h(t) is a Nyquist pulse. It can be shown [6] that
E{z[k]) = 0,E{|zi[k]|2} = 1—(p/4), and E{z[k]=[k]} =
0 for 7 # j, where * denotes the conjugate operation.

We express, component-wise, the desired and the interfering
channel vectors as ¢, = [a, e/ - aSJ\,[ejesf-M]T and
c; = [ai7lej9i~1 ai,]\,fejei-M]T, where the superscript T’
denotes the transpose operation. The phase for the desired user
channel §; ; and the phase for the interfering user channel 0; ;
are uniformly distributed over [0, 27). The fading amplitudes
o ; and « ; are Rayleigh-distributed as

fala) = 2ae™", a>0.

III. OUTAGE PROBABILITY OF EGC WITH CCI

In EGC, the outputs of all the branches are cophased (with
respect to the desired user signal) and weighted equally. The
combining weight vector of an equal gain combiner is w =

[edfe1 ... gifen] T and the output of the combiner becomes
L
wr[n] =\/PT (we,) as[n] + Z VPT (whe;) 2i[n]
=1

M
=/ P,T Zas’j as[n]
j=1

L M
+ Z /P, T Z aiﬂ.ej(%.j*&s,j) zi[n]. (1)
i=1 j=1 T
It can be shown that (0; ;—6, ;) mod 27 is uniformly distributed
over [0, 2) and is independent of «; ;. Since «; ; is Rayleigh-
distributed, g; ; is complex Gaussian with zero-mean and unit
variance.

Since z;[n] and z;[n] are uncorrelated for i # j, the total
interference power at the combiner output is obtained by adding
interference powers from different interferers. For each inter-
ferer, interference from different antennas can combine either
incoherently [see [3], (8b)] or coherently. In the incoherent case,
to compute the sth interferer’s power, the channel amplitude
of each diversity branch is first squared, and all branches are
then summed, i.e., Zﬁ\il oz% ;- If the interfering signals arriving

at different antennas are mutually uncorrelated, the incoherent
calculation is exact. However, these interfering signals are, in
general, correlated, thus, the incoherent calculation is only an
approximation. In the coherent interference power calculation,
phasor addition of each interfering signal is employed, i.e.,
a; ¢I(0.i=05.5) are added first, and then squared, i.e.,

M
E 9i,j
i=1

in (1). Coherent interference diversity combining is an improved
model of EGC over incoherent interference combining, since
coherent combining is performed at the receiver, and, therefore,
interfering signals add as complex-valued quantities. Numerical
results in Section V demonstrate cases where the two interfer-
ence power calculation methods lead to significantly different
outage probabilities.

The instantaneous SIR at the output of the equal gain com-
biner, assuming coherent interference power calculation over

the diversity branches, is
2
M
(Z %j)
j=1
@)

(1-5%

2

=

i
1

>

where AiéPs/Pi, for: = 1,..., L, is the power ratio of the
desired signal to the <th interfering signal, and we have also
denoted

2

A
M=

M
E 9i,5
j=1

Here, g;1,...,9:,m are iid. complex Gaussian RVs with
zero-mean and unit variance, thus, Zj\il gi,j 1s a complex
Gaussian RV with mean zero and variance M. It can be shown
that p; is exponentially distributed with mean M[5]. We
further note that the denominator and the numerator in (2)
are independent. This is due to the independence assumption
between the channel vectors for the desired and the interfering
users. This independence property simplifies the ensuing
outage probability analyzes.
. AN M A L .

Letting X=3) " as; and U=} ", (wi/Ai) in (2),
the output SIR of EGC can be rewritten as SIR =
(X2/(1 —(p/4))U). The outage probability, which is
defined as the probability that the instantaneous SIR is less than
a certain outage threshold [, is expressed as

POUT(ﬂ) =Pr (SIR < ﬁ)
:EU{Pr (X < /BU ‘ U)}
:EU{Pr (X < \/b’lU)} 3)

where 31 = (1 — (p/4)) and the last equality comes from the
fact that X and U are independent.

Computation of the outage probability in (3) requires the
knowledge of the cumulative distribution function (cdf) of X.
We recall that X is a sum of M i.i.d. Rayleigh RVs and no
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known closed-form expression exists except for M = 2. In
[7], Beaulieu derived an infinite series for the cdf of a sum
of independent RVs, and in [8], an alternative derivation was
given which provided insights into the uses and limitations of
the Beaulieu series. We write the conditional outage probability
in (3) as [8]

Pr(X < AU)

~ Ji:’o 2%{e_j"“°\/'8‘_U qSX(nwg)} A

nm

N | =

n=1
nodd

where wg = (27 /T), T is a parameter that controls the accuracy
[7], ¢x (w) is the characteristic function of X, 3(z) denotes the
imaginary part of z, and A is an error term which tends to zero
for large T'. Assuming 7 is large, we omit the error term A in
the following analysis. It can be shown that the characteristic
function of X is [5, eq. (2-1-133)]!

1 w? AT M
{1F1 (1; 3 _Z> +3§we_w2/4} 4)

where 1F(+;-;-) is the degenerate hypergeometric function.
The outage probability in (3) now can be expressed as

. 2%{EU{e—JW°\/ﬁI_U} ¢x(nwo)}

Pour(8) = % - Z

¢x(w) =

nm
n=1
nodd

(&)

We recall that U is a weighted sum of L i.i.d. exponential
RVs. The probability density function (pdf) of U, in the case of
equal interferer powers, Ay = --- = A, = A, is given by [5,
eq. (144-13)]

1 )
fU(U/) — - uL—le—(A/I\I)u7
M
(L= (%)
and in the case of distinct interferer powers, A; # A; fors # 7,
is given by [5, eq. (14-5-26)]

L
fu(u Z M
k=1

where T = Hi:l Al/(AL — Ak)

i#k

u>0 (6a)

| =

—(Ax/M)u

w>0 (6b)

In [5, eq. (2—1 133)],
Jj\/7/2vo%e" 2?2 should be j\/7/2voe~"

a minor typo needs to be corrected, ie.,
252/2

By using [9, eq. 3.952(7), (8)], the case of equal interferer
powers can be shown in (7a), at the bottom of the page, and, in
the case of distinct interferer powers

E‘U{e—jnwov B£1 U}

L
— Z 7(77, w0/8Ak)/31]\[D ano /BlM (7b)
oA,

where D, (z) is the parabolic cylinder function [9]. Substitution
of (4) and (7) into (5) yields the outage probability of EGC for
both equal and distinct interferer powers.

The exact outage probability can be derived for M = 2. The
cdf of a sum of two i.i.d Rayleigh RVs is known [10], and the
conditional outage probability for M = 2 is

Pr (X < «/ﬂlU) —1—e MU _ gﬂlU

Xe—(l/zmlvl ~erfe ( //312 )

Averaging (8) with respect to (6a) or (6b) gives the outage
probability. In the case of equal interferer powers, using [9, eq.
3.478(1), 6.286(1)]

®)

A L pr(rL+1
Pocr() =1~ (g553) "y

x ”‘”( ) rar (3)
Br+A\BL+A 2L+1 b1
L

A+/B1>
X o F L+—,L+1;
2 l( 2 /81

where o Fy (-, -; -5 -) is the hypergeometric function [9], and in the
case of distinct interferer powers, using [9, eq. 3.478(1), 6.292],
is shown in the equation, at the bottom of the next page.

3-
27

IV. COHERENT AND INCOHERENT INTERFERENCE
CALCULATION: CASEOF L = 1

We compare the two calculation methods analytically for the
case of one interferer. With the incoherent interference power

EU{efjnwm//i’lU} — o~ (W} /4N 1M {1F1 (1 _

1 2
La_'n woﬂl >

2 2’
I(L+131) LM 3 n2wi
_j F(1-rL:2: M
7oy MY At 1( "2 A ™ )

2L 1

NG 2

_ F<L + _) ef(nzwg/SA)ﬂll\/[D_2L

(7a)
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Fig. 1. Pdfsof y and (; for L = 1 interferer and M = 4 antennas.

calculation, the SIR at the EGC output becomes

2
A M
| D s
*\s=1 K

SIRincoherent = M = C
1

> O‘?,j
j=1

9

where we have denoted A;/(1 — (p/4)) (Zjul as,]) by &

and Zj\il a? ; by (1 in (9). It can be shown straightforwardly
that (; has a chi-square distribution with 20 degrees of
freedom.

With a coherent interference power calculation, (2) becomes

2
A M
1 Z Qs j
*\y=1 K

M1 M1

SIRcoherent =

(10)

where 111 is exponentially distributed with mean M. We note
that the numerators in (9) and (10) are identical. For a given
outage threshold /3, the outage probabilities for incoherent and
coherent interference power calculation are, respectively, given
by Pr (¢ > (x/8)) and Pr (1 > (x/0)). For practical appli-
cations, the low outage probability region is of interest, i.e.,
small values of 3, and it is sufficient to compare the tail proba-
bilities of ¢; and 1. Fig. 1 plots the pdfs of (; (incoherent cal-
culation method) and j1 (coherent method) for four antennas
and one interferer. By comparing tails, it is clear that in the low
outage probability region, the coherent interference power cal-
culation yields the higher outage probability. Our results in Sec-
tion V also agree with this analysis.

0.5 : -
incoherent interference power calculation
—— coherent interference power calculation

0.01 : .

Outage probability P(SIR<p)

0.001 [ e SR :

-5 0 5 10 15
Threshold SIR for outage, p (dB)

Fig.2. Outage probability comparison of coherent and incoherent interference
power calculation with one interferer (L = 1) and equal interferer powers (A =
10 dB) for M = 1, 2, and 4 antennas.

V. NUMERICAL RESULTS

For the coherent interference combining model, the outage
probabilities in (5) are used with 7" in a range of 40-80. It was
found that typically 64 or 128 terms in the series of (5) enable an
accuracy of 1078 to be achieved. For the incoherent interference
power calculation, the outage probabilities are obtained from [3,
eq. (16)] by specializing the Nakagami-m fading to Rayleigh
fading.2 Unless otherwise stated, a coherent interference power
calculation is assumed and the rolloff factor is chosen as p = 0.
All outage probabilities are plotted on normal probability paper
by the method in [11, Appendix 2B].

Figs. 2 and 3 compare outage probabilities using the inco-
herent and coherent interference power calculations. Fig. 2 plots
the outage probabilities for . = 1 interferer and for M =
1, 2, and 4 antennas under equal interferer powers. As shown,
for the trivial case of M = 1, as expected, both calculation
methods give the same outage probability. When M > 1 an-
tennas and for low outage probabilities, the coherent interfer-
ence power calculation method predicts higher outage proba-
bility. In other words, an outage analysis using incoherent inter-
ference power combining over the diversity branches can under-
estimate the outage probability. For example, for M = 4, at a
0.01 outage probability level, the incoherent interference power
calculation overestimates the output SIR by about 1.5 dB. Sim-
ilar observations can be made in Fig. 3 for a fixed number of
antennas (M = 4) and different numbers of interferers, where
we note that the outage performance difference increases be-
tween these two interference power calculation methods as the
number of interferers decreases.

2In [3], a minor typo in (16a) needs to be corrected, i.e., A,, should be AZ.

Ae [ 26,

2 Ak A +061)

Mr«

Pour(B
k=1

\/ﬂ_l(/\k + ﬁ1)_3/2 + %/E(Ak + [3'1)_3/2 arctan (

Ag,
1+E>
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Fig. 3. Outage probability comparison of coherent and incoherent interference

power calculation with four antennas (M = 4) and equal interferer powers
(A = 10dB) for L = 2, 6, and 10 interferers.
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Fig.4. Outage probability for equal (A = 10 dB) and distinct (A.v; = 10dB)
interference power distributions with four antennas (M = 4),and L = 2 and
L = 6 interferers. The interference power vectors for L = 2 and L = 6 are,
respectively, [0.1,0.9] and [0.05,0.1,0.15,0.22,0.23,0.25].

To study outage for unequal interferer power distributions, we
define

P
Aavg(dB) = 10logy, j
2 b
1=1
and vector ¢ = [q1,¢o,...,qr] of normalized interference
powers, where ) ;" ; ¢; = 1. Power ratio
Py
A;(dB) = F(dB) = Aavg(dB) — 1010g;o(Lg;).

Assuming M = 4 antennas, Fig. 4 depicts how unequal power
among interferers increases outage probability for two cases:
L = 2 interferers with a highly unbalanced interference power
vector ¢ = [0.1,0.9], and for L = 6 interferers with a more
evenly distributed ¢ = [0.05,0.1,0.15,0.22,0.23,0.25]. It is
obvious that the outage probability difference between equal

0.5
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=
b

@ 0.1 g
o
=y
3
©
Q
o
8

Q 0.01 g
8
>
(@]

0.001 — equal interferer powers 7

- - distinct interferer powers
Z ’ 1 L 1
-5 0 5 10 15
Threshold SIR for outage, 8 (dB)
Fig.5. Outage probability for equal (A = 10 dB) and distinct (A, = 10dB)

interference power distributions with L = 3 interferers, and M = 2 and M =
4 antennas. The interference power vector for L = 3 is [0.1,0.2,0.7].
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Fig. 6. Analytical outage probability using coherent interference power
calculation and Monte Carlo simulated outage probability for equal
(A = 10 dB) and distinct (Aav; = 10 dB) interference power distributions
with L = 2 interferers and A/ = 4 antennas. The interference power vector
for L = 2 is [0.1,0.9].

and distinct interferer powers becomes large for a highly un-
balanced interference power distribution. In Fig. 5, it is shown
that outage probability discrepancies between equal and distinct
interferer power distribution become larger as the number of an-
tennas increases. Both Figs. 4 and 5 suggest that the case of
equal interferer powers tends to give lower outage probabilities
than the case of distinct interferer powers.

In Fig. 6, we compare a Monte Carlo simulation of the outage
probability using (2) with the analytical outage probability using
the new coherent interference power calculation method for the
cases of both equal and distinct interferer powers. As shown, the
analysis and simulation results agree closely.

VI. CONCLUSION

In this letter, we have computed the exact outage probability
for EGC with multiple cochannel interferers in an interference-
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limited environment over flat Rayleigh fading. The new anal-
ysis method assumes that the interferers add in amplitude and
phase, rather than incoherently. Numerical results show that the
previous incoherent interference power combination model may
lead to optimistic outage probability estimates.
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