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SUMMARY

In this paper, we investigate joint channel estimation and signal detection approaches for a multi-user
CDMA uplink with a base-station antenna array over asynchronous multipath fading channels. Based on the
space alternating generalized expectation-maximization (SAGE) algorithm, we develop an iterative multi-
user receiver to jointly estimate channel response vectors and bit sequences for all the active users at known
fractional time delays, and a BER lower bound is derived. A simplified bit detection method is then
proposed for multi-rate CDMA systems. Simulation results show that the new iterative receiver performs
equally well for both high- and low-rate users, and the BER performance is close to that of the BER lower
bound. Copyright # 2003 AEI.

1. INTRODUCTION

In direct-sequence code division multiple access (DS-

CDMA) systems, each user is distinguished by a unique

spreading code. When the spreading codes are orthogonal,

there will be no multi-access interference (MAI). How-

ever, due to asynchronous transmission and multi-path

channel propagation, it is impossible to guarantee ortho-

gonality for random relative time delays on uplink chan-

nels. Therefore, MAI exists in practical CDMA systems,

and significant research efforts have been directed toward

its suppression. Two promising approaches are digital

beamforming using base-station antenna arrays [1] and

multi-user signal detection [2].

Recently, expectation-maximization (EM)-type appr-

oaches have been proposed to achieve CDMA signal

detection [3], channel estimation [4–6] as well as joint

parameter estimation and signal detection for single-

antenna [7] and multiple-antenna systems [8].

In this paper, we investigate joint channel estimation

and signal detection for asynchronous multi-antenna,

multi-path CDMA systems. We apply the space alternating

generalized EM (SAGE) algorithm [9] and extend the

receiver proposed in Reference [8] to asynchronous

multi-path channels, and incorporate multi-path diversity

combining. The receiver structure involves multi-user

signal decoupling, multi-path signal decoupling and chan-

nel response vector estimation. We also derive a BER

lower bound.

Our discrete-time problem formulation is presented in

Section 2. In Section 3, we apply the SAGE algorithm

and obtain an iterative receiver structure for joint channel

vector estimation and information symbol detection ass-

uming known time delays. A simplification to wideband
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multi-rate CDMA systems is also presented, and simula-

tion results are provided in Section 4.

2. DISCRETE-TIME SYSTEM MODEL

We consider an asynchronous CDMA uplink with an

M-element base-station antenna array for a multi-path

fading channel. The kth mobile user transmits a block of

N-bits with waveform

skðtÞ ¼ Ak

XN
i¼1

bkðiÞckðt � iTbÞ ð1Þ

with amplitude Ak, equiprobable ith bit bkðiÞ 2 f�1; 1g,

spreading waveform ckðtÞ ¼
PL�1

l¼0 cklpðt � lTcÞ, where

ckl 2 fþ1;�1g (l ¼ 0; . . . ; L� 1) is the spreading code,

pðtÞ is the chip waveform of duration Tc, Tb is the bit inter-

val and processing gain L ¼ Tb=Tc. The spreading wave-

form has energy normalized to unity, i.e.
Ð Tb

0
jckðtÞj2 ¼ 1.

The signal received at the base-station antenna array

from K users, each with P propagation paths and transmit-

ting N bits is given by vector function

xðtÞ ¼
XK
k¼1

XN
i¼1

XP
p¼1

Akak;pað�k;pÞ

� ckðt � iTb � �k;pÞbkðiÞ þ nðtÞ ð2Þ

where að�k;pÞ is the M-dimensional channel vector. For

performance evaluation purposes, we parameterize this

vector by direction-of-arrival (DOA) �k;p for the pth path

of the kth user, ak;p and �k;p represent the channel attenua-

tion and relative time delay for the kth user through the pth

propagation path respectively. We assume �k;p 2 ½0; TbÞ for

k 2 f1; . . . ;Kg and p 2 f1; . . . ;Pg. The channel fading

attenuations ak;pðtÞ for k 2 f1; . . . ;Kg and

p 2 f1; . . . ;Pg are assumed to be mutually independent.

The vector function nðtÞ models additive white Gaussian

noise (AWGN) with zero mean and covariance matrix

�2IM , where IM is an M �M identity matrix. We assume

that DOAs and channel attenuations for all users remain

unchanged over the N-bit duration. We denote the channel

vector for the pth path of the kth user as

fk;p ¼ Akak;pað�k;pÞ ð3Þ

In this asynchronous system, we choose 2Tb to be the

observation interval to collect samples for each bit. Using

the notation in Reference [10], we obtain the discrete-time

system model for 2ML received samples in the interval

2Tb as

xðiÞ ¼
XK
k¼1

Hkb
w
k ðiÞ þ nðiÞ ð4Þ

where bwk ðiÞ ¼ ½bkði� 1Þ bkðiÞ bkðiþ 1Þ�T , Hk ¼
PP

p¼1

Hk;p, and nðiÞ is an AWGN vector with zero-mean and cov-

ariance matrix �2

L
I2ML, where I2ML is a 2ML� 2ML iden-

tity matrix. In Equation (4), matrix Hk incorporates both

spatial and temporal characteristics of our channel. For

k 2 f1; . . . ;Kg and p 2 f1; . . . ;Pg,

Hk;p ¼ C�1
k;p

..

.
C0
k;p

..

.
C1
k;p

h i fk;p 0 0

0 fk;p 0

0 0 fk;p

2
64

3
75

� Ck;pFk;p

ð5Þ

where the 2ML�M matrix of time-shifted codes Cn
k;p, for

n ¼ �1; 0; 1, is given by

Cn
k;p ¼

cnk;p � � � 0

..

. . .
. ..

.

0 � � � cnk;p

2
64

3
75

where cnk;p, for n ¼ �1; 0; 1, is the kth user’s spreading

code vector with time delay corresponding to the pth path.

Equation (4) can be expressed compactly as

xðiÞ ¼ HbwðiÞ þ nðiÞ ð6Þ

where H ¼ ½H1
..
.
� � � ..

.
HK � and bwðiÞ ¼ ½bw1 ðiÞ

T � � � bwKðiÞ
T �T .

The desired bit sequence can be obtained by maximizing

the likelihood function, for i 2 f1; . . . ;Ng, as

b̂wðiÞ ¼ signfbwðiÞ þ R�1HHnðiÞg
¼ signfbwðiÞ þ wðiÞg ð7Þ

where signfag ¼ 1 if a50 or �1 if a < 0, R ¼ HHH, and

where the (k; j)th 3 � 3 sub-matrix in R, Rkj, is given by

Rkj ¼ HH
k Hj ¼

XP
p¼1

FH
k;pC

H
k;p

XP
q¼1

Cj;qFj;q

In Equation (7), wðiÞ is an output AWGN vector with

zero mean and covariance matrix �2

L
R�1. The detector

structure based on Equation (7) is illustrated in Figure 1.

3. ITERATIVE MULTI-USER RECEIVER

In this section, we investigate the problem of joint signal

detection and channel array response vector estimation
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assuming that we know the time delays at the receiver. In

the case where time delay information cannot be accu-

rately estimated, the following methods can be generalized

in a manner as found in Reference [11] with a correspond-

ing reduction in the maximum number of supported users.

A receiver structure was previously developed from the

SAGE algorithm for synchronous single fading channels

[8]. We extend this derivation to the case of asynchronous

multi-path fading channels. The resulting receiver struc-

ture, as will be derived, is fundamentally different from

that of Reference [8].

3.1. Iterative multi-user receiver

The observed incomplete data is the set of vectors

fxðiÞ; i ¼ 1; . . . ;Ng. In applying SAGE, we choose user

index k as the index set to detect the information bit

sequences. Thus, the admissible hidden-data space, or

complete data, for index k and i ¼ 1; . . . ;N is given by

xSkðiÞ ¼ Hkb
w
k ðiÞ þ nðiÞ ¼

XP
p¼1

Hk;pb
w
k ðiÞ þ nðiÞ ð8Þ

Given the spatial channel estimation results at the jth

iteration, F̂
j
k;p, for k ¼ 1; . . . ;K and p ¼ 1; . . . ;P, and

detected symbols, b̂w
j

k ðiÞ, at the jth iteration, the condi-

tional expectation of xSkðiÞ, for k ¼ 1; . . . ;K and

i ¼ 1; . . . ;N, is estimated as

x̂
Sj
k ðiÞ ¼ xðiÞ �

XK
k1¼1;k1 6¼k

XP
p¼1

Ĥ
j
k1;p

b̂w
j

k1
ðiÞ ð9Þ

where we have denoted Ĥ
j
k;p ¼ Ck;pF̂

j
k;p for k ¼ 1; . . . ;K

and p ¼ 1; . . . ;P.

The maximization results at the next iteration are given

by

F̂
jþ1
k ; b̂w

jþ1

k

h i
¼ arg max

Hk ;b
w
k ðiÞ

� x̂
Sj
k ð1Þ; . . . ; x̂

Sj
k ðNÞ

� �

where �ðx̂Sjk ð1Þ; . . . ; x̂
Sj
k ðNÞÞ is the log-likelihood function

of x̂SkðiÞ at the jth iteration.

To estimate Fk;p, for k ¼ 1; . . . ;K and p ¼ 1; . . . ;P, we

further decouple the complete data xSkðiÞ by choosing path

index p as the index subset. The corresponding admissible

hidden-dataset for user index k, path index p, and bit i,

14i4N, is given by

xSk;pðiÞ ¼ Hk;pb
w
k ðiÞ þ nðiÞ ð10Þ

Using Equation (9), the conditional expectation of

xSk;pðiÞ, for i ¼ 1; . . . ;N, is obtained as

x̂
Sj
k;pðiÞ ¼ x̂

Sj
k ðiÞ �

XP
p1¼1;p1 6¼p

Ĥ
j
k;p1

b̂w
j

k ðiÞ

¼ xðiÞ �
XP

p1¼1;p1 6¼p

Ĥ
j
k;p1

b̂w
j

k ðiÞ

�
XK

k1¼1;k1 6¼k

XP
p¼1

Ĥ
j
k1;p

b̂w
j

k1
ðiÞ ð11Þ

At the jth iteration,

� x̂
Sj
k;pð1Þ; . . . ; x̂

Sj
k;pðNÞ

� �

¼ � 1

�2=L

XN
i¼1

x̂
Sj
k;pðiÞ � Hk;pb

wj

k ðiÞ
� �H

� x̂
Sj
k;pðiÞ � Hk;pb

wj

k ðiÞ
� �

ð12Þ

By maximizing the likelihood, we estimate the spatial-

temporal channel matrix at the ð jþ 1Þth stage, Ĥ
jþ1
k;p , for

k ¼ 1; . . . ;K and p ¼ 1; . . . ;P (see Appendix A for

details),

Ĥ
jþ1
k;p ¼

XN
i¼1

x̂
Sj
k;pðiÞb̂

wjH
k ðiÞ

" # XN
i¼1

b̂
wj
k ðiÞb̂

wjH
k ðiÞ

" #�1

ð13Þ

Since Ĥk;p ¼ Ck;pFk;p with known Ck;p, we may employ a

maximum-likelihood criterion to obtain unknown matrix

Fk;p, which under a Gaussian-error model is equivalent

to a least-squares criterion, i.e. minimizing Jð�Þ ¼
ðĤk;p � Ck;pFk;pÞHðĤk;p � Ck;pFk;pÞ. From Equation (5), if

the time delays are non-zero, the columns of Ck;p are full-

rank and

F̂
jþ1
k;p ¼ CH

k;pCk;p

� ��1

CH
k;pĤ

jþ1
k;p ð14Þ

The above channel array response vector estimates are

then used to detect each user’s information sequence at

the ð jþ 1Þ th stage via

Figure 1. Spatial-temporal decorrelating detector when channel
parameters are known.

Q1
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b̂w
jþ1

k ðiÞ ¼ sign
h

R̂jþ1
kk

� ��1

Ĥ
jþ1H

k x̂S
j

k ðiÞ
i

where R̂jþ1
kk ¼ Ĥ

jþ1H

k Ĥ
jþ1
k

and

Ĥ
jþ1
k ¼

XP
p¼1

Ck;pF̂
jþ1
k;p

After initial channel estimation using at least one train-

ing bit per user, the iterations for joint channel estimation

and symbol detection are now summarized:

For j ¼ 1; 2; . . .; k ¼ ð j modulo KÞ
E-step:

For i ¼ 1; . . . ;N, apply Equation (9):

x̂S
j

k ðiÞ ¼ xðiÞ �
XK

k1¼1;k1 6¼k

XP
p¼1

Ck1;pF̂
j
k1;p

b̂
wj
k1
ðiÞ ð15Þ

For p ¼ 1; . . . ;P, apply Equation (11):

x̂
Sj
k;pðiÞ ¼ x̂

Sj
k ðiÞ �

XP
p1¼1;p1 6¼p

Ck;p1
F̂
j
k;p1

b̂
wj
k ðiÞ ð16Þ

M-step:

For p ¼ 1; . . . ;P, apply Equations (14) and (13):

F̂
jþ1
k;p ¼ CH

k;pCk;p

� ��1

CH
k;p

�XN
i¼1

x̂Sjk;pðiÞb̂
wjH
k ðiÞ

�

�
�XN

i¼1

b̂
wj
k ðiÞb̂

wjH
k ðiÞ

��1

ð17Þ

Ĥ
jþ1
k ¼

XP
p¼1

Ck;pF̂
jþ1
k;p

R̂jþ1
kk ¼ Ĥ

jþ1H

k Ĥ
jþ1
k

For i ¼ 1; . . . ;N

b̂w
jþ1

k ðiÞ ¼ sign

��
R̂jþ1

kk

��1

Ĥ
jþ1H

k x̂
Sj
k ðiÞ

�
ð18Þ

F̂
jþ1
k0;p ¼ F̂

j
k0;p; k0 6¼ k

b̂
wðjþ1Þ
k0 ðiÞ ¼ b̂

wj
k0 ðiÞ; k0 6¼ k

Since the SAGE algorithm guarantees that the likelihood

function increases monotonically with each iteration, the

proposed iterative spatial-temporal receiver converges to

a fixed stationary point or local/global maxima depending

on the initial guess of the unknown parameters. In Refer-

ence [8], we have observed that using an array of highly

correlated antenna signals accelerates the receiver’s con-

vergence to its local BER minimum. A BER lower bound

is derived in Appendix B. From Equations (15) and (16),

we observe that the computational complexity increases

linearly with the number of the users in the system.

Remark: Compared to the synchronous single path case

[8], the key issue for an asynchronous multi-path receiver

algorithm is multi-path identification and estimation.

Equations (15) and (16) propose a two-stage decoupling

of the received signal. The first step, Equation (15), decou-

ples the signals according to user codes. The multi-path

signals for each user are then resolved in the second step,

Equation (16), and are used to form a maximum-likelihood

estimates of the vector channel impulse response used for

optimum RAKE combining.

3.2. Simplified bit detection algorithm for
wideband systems

The above receiver structure obtained can be applied to

third-generation (3G) multi-rate CDMA such as WCDMA

and cdma2000. To do this, we define rate-ratio r ¼ Tl=Th,
where Th and Tl are the bit durations for high-rate and low-

rate users respectively. That is, when a low-rate user trans-

mits one bit, a high-rate user transmits r bits.

Assuming that the multi-path delays lie within Th, the

observation interval is, Th þ Tl. Thus, R̂�1
kk in Equation

(18) is a ðr þ 2Þ � ðr þ 2Þ matrix for high-rate users. Since

in 3G systems r may be quite large, i.e., r532, the

complexity for the matrix inversion in Equation (18)

becomes prohibitive. To simplify the receiver, we propose

to omit the decorrelation in Equation (18), i.e. we replace

Equation (18) by

b̂w
jþ1

k ¼ sign
h
Ĥ

jþ1H

k x̂
Sj
k ðiÞ

i
ð19Þ

This can be justified in wideband CDMA systems since the

differences between the relative time delays for different

paths are larger than the chip interval and inter-path corre-

lation is very low. In other words, the despreading process

alone is enough to resolve the received signals from differ-

ent paths for each user. Therefore, it is expected that sim-

plified bit detection, Equation (19), without a multi-path

decorrelator would have only slight performance degra-

dation. Using the simplified bit detector, the detection

algorithm at each iteration for each user is equivalent

to conventional single-user detection, i.e. the decision

4 R. WANG AND S. D. BLOSTEIN
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variable at each iteration for each user is obtained by

despreading, beamforming and then RAKE combining.

4. SIMULATIONS

We perform simulations where we insert one training bit at

the start of each sequence to obtain initial channel esti-

mates. A uniform linear array with half-wavelength spacing

is used at the base-station and DOAs are uniformly distrib-

uted in [�60�;60�]. The time delay of the first path for each

user is uniformly distributed in (0; Tb=2) and the time

delay of the second path for each user is uniformly distrib-

uted in (Tb=2,Tb). Multi-path channels are assumed to be

Rayleigh-distributed with same covariance for all paths.

We consider a dual-rate system with rate-ratio r ¼ 4,

two high-rate and two low-rate users. Gold sequences of

length 31 are assigned to the high-rate users. For low-rate

users, we obtain length-124 spreading sequences by

repeating each length-31 Gold sequence four times. We

transmit a 100-bit information sequence from each high-

rate user and a 25-bit information sequence for each

low-rate user simultaneously. We apply four iterations of

the receiver bit detection algorithm. Figures 2 and 3 show

the BER performance of the proposed iterative receivers

for high-rate and low-rate users respectively. As expected

for wideband CDMA, the simplified receiver of Section

3.2 achieves similar performance to that of a detector hav-

ing a multi-path decorrelator. Note that simplified subopti-

mum bit sequence detection may outperform the multi-

path decorrelation detector in certain SNR regions since

(a) the correlation matrix in Equation (18) is a function

of imperfect channel estimates, and (b) a decorrelation

detector has a well-known noise-enhancement property

[2]. Note also from Figures 2 and 3 that the BER perfor-

mance for high-rate and low-rate users is close to that of

their lower bounds and that the two lower bounds are

equivalent.

5. CONCLUSIONS

In this paper, we have developed a multi-user receiver

structure for joint channel vector estimation and bit

sequence detection in asynchronous multi-path fading

channels and derived a BER lower bound. The detection

and estimation is based on the SAGE algorithm, and typi-

cally requires about four iterations to converge to a locally

optimum point. The results are then fed to a RAKE multi-

path combiner. We also proposed a method to lower signal

detection complexity for multi-rate wideband CDMA sys-

tems, while maintaining comparable BER performance.

Simulation results confirm that the BER performance for

high-rate and low-rate users is similar and close to their

respective BER lower bounds.

APPENDIX A: DERIVATION OF Ĥk;p IN
EQUATION (13)

Discarding terms independent of Hk;p in Equation (12), the

likelihood function is rewritten (j superscripts omitted) as

� ¼ 1

�2=L

XN
i¼1

h
bwTk ðiÞHH

k;pHk;pb
w
k ðiÞ

� 2x̂SHk;pðiÞHk;pb
w
k ðiÞ

i
ð20Þ

Figure 2. Bit Error Rate (BER) of the desired high-rate user.

Figure 3. Bit Error Rate (BER) of the desired low-rate user.
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We denote Hk;pðm; nÞ, for m ¼ 1; . . . ; 2ML and n ¼ 1; 2; 3,

as the ðm; nÞth component of the matrix Hk;p and

x̂Sk;pðiÞ ¼ ðx̂Sk;pði; 1Þ � � � x̂Sk;pði; 2MLÞÞT . For notational con-

sistency, we also denote�
bwk ði; 1Þbwk ði; 2Þbwk ði; 3Þ

�
¼ bwk ðiÞ

The derivative of Equation (20) with respect to Hk;p, in

matrix form, is

@�

@Hk;pð1; 1Þ
@�

@Hk;pð1; 2Þ
@�

@Hk;pð1; 3Þ
..
. ..

. ..
.

@�

@Hk;pð2ML; 1Þ
@�

@Hk;pð2ML; 2Þ
@�

@Hk;pð2ML; 3Þ

2
666664

3
777775
ð21Þ

For m ¼ 1; . . . ; 2ML and n ¼ 1; 2; 3, we obtain

@�

@Hk;pðm; nÞ
¼ 2

�2=L

XN
i¼1

H�
k;pðmÞbwk ðiÞbwk ði; nÞ

� x̂Sk;pði;mÞ
� ��

bwk ði; nÞ ð22Þ

where H�
k;pðmÞ ¼ ðH�

k;pðm; 1Þ H�
k;pðm; 2Þ H�

k;pðm; 3ÞÞ is a 3-

dimensional row vector for m ¼ 1; . . . ; 2ML. After some

straightforward operations, Equation (21) can be

expressed in the compact form

@�

@Hk;p
¼ 2

�2=L

XN
i¼1

H�
k;pb

w
k ðiÞbwTk ðiÞ � x̂Sk;pðiÞ

� ��
bwTk ðiÞ

ð23Þ

Equating Equation (23) to zero, and noting that bwk ðiÞ is a

real vector, we obtain Equation (13).

APPENDIX B: DERIVATION OF BER LOWER
BOUND

From Equation (15) and (18), we obtain the decision vari-

able for the kth user

ŷ
jþ1
k ¼

�
R̂jþ1

kk

��1

Ĥ
jþ1H

k

�
�
xðiÞ �

XK
k1¼1;k1 6¼k

XP
p¼1

Ĥ
j
k1
b̂
wj
k1;p

ðiÞ
�

ð24Þ

From Equation (24), it is observed that the MAI is sub-

tracted at each iteration. To obtain a BER lower bound,

we assume that all MAI has been eliminated at the final

iteration in the receiver and the channel array response

vectors of user k are known perfectly. Thus, the decision

variable of the kth user is given by yk ¼ bwk þ wkðiÞ where

wkðiÞ is a zero mean AWGN vector with covariance matrix
�2

L
R�1

kk . To compute the BER of the desired bit bkðiÞ which

is the second component in vector bwk ðiÞ, we first express

the corresponding average SNR as �gk ¼ 1
�2
L
E½ðR�1

kk Þ2�
, where

ðR�1
kk Þ2 is the second diagonal component of matrix R�1

kk

and E½�� represents the expectation over the Rayleigh-dis-

tributed channel attenuation. Since the self-correlation of

the spreading code between the current bit interval and

the previous bit interval due to multi-path delays is very

small compared to that between current bit intervals due

to different path delays, we obtain‘tpb 3pt

ðR�1
kk Þ2 ¼ 1PP

p¼1

PP
q¼1 a

�
k;pak;qað�k;pÞað�k;qÞ�

0;0
kk;pq

where �0;0
kk;pq is the self-correlation of the spreading code

between path p and path q for the kth user at the current

bit interval. Since we have assumed that the channel

attenuations are mutually independent, we have

E½ðR�1
kk Þ2� ¼

1

MA2
k

PP
p¼1 E½a2

k;p��
0;0
kk;pp

where a2
k;p ¼ a�k;pak;p. Because �0;0

kk;pp is identically distrib-

uted for p ¼ 1; . . . ;P, the average SNR for user k is

obtained as

�gk ¼
MLA2

k�
0;0
kk;11

�2

XP
p¼1

E
�
a2
k;p

�
ð25Þ

Assuming that E½a2
k;p� are identical for all P paths of user k,

the BER lower bound for the kth user can be obtained [12]

(pp. 781)

Pk ¼ ½ð1 � mÞ=2�P
XP�1

p¼0

P� 1 þ p

p

� �
½ð1 þ mÞ=2�p ð26Þ

where m ¼
ffiffiffiffiffiffiffiffiffiffi
�gk

ð1þ�gkÞ

q
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