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ABSTRACT

To improve performance of orthogonal frequency division
multiplexing (OFDM) for fading channels, linear disper-
sion coded OFDM (LDC-OFDM) was recently proposed
to increase frequency and time diversity with high band-
with efficiency and performance. The performance of re-
cently proposed LDC-OFDM was investigated through sim-
ulations. This paper analyzes the diversity aspects of LDC-
OFDM system, and shows that the upper bound of the di-
versity order, which LDC-OFDM can achieve, is equal to
the full diversity order available in the channel.

1. INTRODUCTION

Multicarrier communications systems, especially those em-
ploying orthogonal frequency division multiplexing
(OFDM) [1], have been considered as primary candidates
for next generation broadband transmission in frequency
selective fading environments, which exhibit inter-symbol
interference (ISI) [2]. Actually, orthogonal frequency di-
vision multiplexing (OFDM) has been accepted as an in-
dustrial standard for high-data-rate communications, such
as Digital Television Broadcasting [3], wireless local area
networks (IEEE 802.11 operating at 5 GHz [2] and
ETSI BRAN’s HYPERLAN 2 standards [2]). By serial-
to-parallel conversion, OFDM transforms a single wide-
band multipath channel into multiple parallel narrowband
flat fading channels, enabling simple equalization.

It is important to notice that uncoded OFDM cannot pro-
vide the same level of diversity combining effects as un-
coded single-carrier systems in severe frequency-selective
fading environments, since the frequency responses of
channel space branches differ from one another, and hence
the optimal diversity combining weights chosen for one of
the OFDM subcarriers is no longer optimal for the other
OFDM subcarriers. In frequency-selective fading chan-
nels, very low signal-to-noise ratio (SNR) or channel nulls
often are the main reasons for lost transmitted informa-
tion. Conventionally, schemes using a combination of er-
ror control coding combined with frequency interleaving
across all subchannels are a class of effective techniques to
mitigate the above problem at the price of reduced band-
width efficiency, or coded OFDM (see e.g. [4,5]).

Bandwidth efficiency is critical for high-data-rate trans-
mission and is determined by the coding rate for OFDM.

In conventional coded OFDM (COFDM) schemes [5], the
coding rate usually is less than one, and achieving appro-
priate trade-offs between coding rate and error probabil-
ity are critical design criteria. It has been shown in [6]
that linear dispersion codes (LDC) may achieve a cod-
ing rate of up to one and outperform the well-known full-
rate uncoded V-BLAST scheme. Linear dispersion codes
(LDC) [6], which can support any configuration of trans-
mit and receive antennas and includes both V-BLAST [7]
and space-time block codes [8, 9] as special cases. LDC
has been designed to optimize the mutual information be-
tween the transmitted and received space time signals [6].
Recently linear dispersion codes were proposed to help
OFDM achieve not only frequency diversity but also time
diversity, known as linear dispersion coded OFDM (LDC-
OFDM) [10]. The newly proposed LDC OFDM method
exploits diversity across both multiple subcarrier channels
(frequency) and multiple OFDM blocks (time). Simula-
tions have shown that LDC-OFDM with zero padding sig-
nificantly improves error probability performance. How-
ever, in [10], no analytical insights were provided.

This paper analyzes diversity aspects of LDC-OFDM, and
provides the upper bound of diversity order LDC-OFDM
can achieve, which provides further insights into LDC-
OFDM systems.

This paper is organized as follows. In Section 2, the re-
lated system models are introduced. The diversity aspects
of LDC-OFDM are analytically discussed in Section 3.

The following notation is used in the following sections:(·)†
denotes matrix pseudoinverse,(·)T matrix transpose,(·)H

matrix transpose conjugate,IK denotes identity matrix
with sizeK × K, 0m×n denotes zero matrix with size
m × n, A⊗ B denote Kronecker (tensor) product of ma-
tricesA andB, andCm×n denotes a complex matrix of
dimensionsm× n.

2. SYSTEM MODEL

2.1. Wideband OFDM model

During transmission, for each block ofNC IFFT trans-
formed complex symbols, a block ofP symbols are cor-
rupted in a frequency selective, temporally flat Rayleigh
fading channel with orderL channel coefficients for the

k-th OFDM blockh(k) =
[
h

(k)
0 , ..., h

(k)
L

]T

.



A key assumption is that the channel experiences slow
fading so that channel coefficients are constant over one
OFDM block, considered as one channel use, while chan-
nel coefficients could change in subsequent OFDM blocks.
ChoosingP ≥ NC + L, the inter-block interference due
to the previous transmitted block is eliminated by a guard
interval.

Denotex
(k)
p , p = 1..., NC be the channel symbol trans-

mitted on thep-th subcarrier during thek-th OFDM block.
Unlike zero-padding OFDM in [10], at the transmitter, a
guard interval is added to each OFDM block in the form
of cyclic prefix (CP). The received signals are suffered ad-
ditive complex Gaussian noise. After FFT processing, the
received channel symbol sampley

(k)
p is

y(k)
p =

√
ρH(k)

p x(k)
p + v(k)

p , p = 1, ..., Nc (1)

whereH
(k)
p is thep-th subcarrier channel gain during the

k-th OFDM block, and

H(k)
p =

L∑

l=o

h
(k)
l e−j(2π/Nc)l(p−1),

or

H(k)
p = [wp]

T h(k), (2)

where

wp =
[
1, ωp−1, ω2(p−1), · · · , ωL(p−1)

]
,

and
ω = e−j(2π/Nc).

The additive noise is circularly symmetric, zero-mean, com-
plex Gaussian with varianceN0. The additive noise is
assumed statistically independent for differentk. ρ is nor-
malized signal to noise ratio (SNR).

2.2. LDC-OFDM system
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Fig. 1. Conventional OFDM system model

The differences between conventional OFDM and the newly
proposed LDC-OFDM [10] are illustrated in Figures 1 and
2. The block sizes of signal transmission and reception of
these two systems differ. The parts shared by both the
OFDM and LDC-OFDM systems are from the IFFT op-
eration in the transmitter to the FFT operation in the re-
ceiver. In both OFDM and LDC-OFDM systems, a guard
interval is added into each OFDM block.
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Fig. 2. Proposed LDC-OFDM system model

2.3. LDC-OFDM codeword

There areNC subcarriers in one OFDM block. One LDC-
OFDM block, illustrated in Figure 3, consists ofT adja-
cent OFDM blocks. One LDC-OFDM block, consists of
T adjacent OFDM blocks. An LDC-OFDM system in-
cludesD LDC codewords, each with LDC matrices occu-
pyingNF (i) subcarriers andT OFDM blocks∈ CT×NF (i) ,

i = 1, ..., D, with
D∑

i=1

NF (i) = NC .
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Fig. 3. LDC-OFDM blocks in the time-frequency plane

3. DIVERSITY PROPERTIES OF LDC-OFDM

Since LDC-OFDM includes all LDC coding properties
within T × NF (i) block in a LDC-OFDM codeword, in
this analysis, we consider singleT×NF (i) blockC(i), i =
1, ..., D in a LDC-OFDM codeword. The blockC(i) is
created after encoding all the i-th LDC codewords within
a LDC-OFDM codeword.

For simplicity, in blockC(i), consider the case that the
subcarrier indices chosen from all the OFDM blocks are
the same over time, and denote subcarrier indices

{p(k)
nF (i) , nF (i) = 1, ..., NF (i),

i = 1, ..., D, k = 1, ..., T} .



Denote the blockC(i) in matrix form as

C(i) =




c
(1)
p1(i)

c
(1)
p2(i)

· · · c
(1)
p

NF (i)

c
(2)
p1(i)

c
(2)
p2(i)

· · · c
(2)
p

NF (i)

...
...

. . .
...

c
(T )
p1(i)

c
(T )
p2(i)

· · · c
(T )
p

NF (i)




. (3)

We may express the system equation for blockC(i) as

R(i) =
√

ρM(i)H(i) + V(i), (4)

where received signal vectorR(i) and noise vectorV(i)

are of size ofNF (i)T × 1, the i-th LDC coded channel
symbol matrix is of sizeNF (i)T × NF (i)T , M(i) is of

sizeNF (i)T × NF (i)T , c
(k)
pnF (i)

, nF (i) = 1, ..., NF (i), is
the channel symbol of thek-th OFDM block, thepnF (i)-
th subcarrier in the i-th LDC codeword, and

M(i) =
diag(c(1)

p1(i)
, ..., c

(1)
p

NF (i)
, ..., c

(T )
p1(i)

, ..., c
(T )
p

NF (i)
), (5)

wherei = 1, ..., D.

The channelH(i) is of sizeNF (i)T × 1, and

H(i) =

[
H

(1)
p1(i) ,H

(1)
p2(i) , ...,H

(1)
pNF (i)

,

...,H
(T )
p1(i) , H

(T )
p2(i) , ..., H

(T )
pNF (i)

]T

(6)

andH
(k)
pnF (i)

is the path gain of ofk-th OFDM block , the

pnF (i)-th subcarrier for blockC(i). Thus

H(k)
pnF (i)

=
[
wpnF (i)

]T

h(k), (7)

wherewp andh(k) has been defined in Section 2.

Consider a pair of matricesM(i) andM̃(i) corresponding
to two different time-frequency (TF) blocksC(i) andC̃(i).
Then the upper bound pairwise error probability [11] be-
tweenM(i) andM̃(i) is

P
(
M(i) → M̃(i)

)
≤

(
2r − 1

r

)(
r∏

a=1
γa

)−1

(ρ)−r
(8)

wherer is the rank of
(
M(i) − M̃(i)

)
RH(i)

(
M(i) − M̃(i)

)H

,

andRH(i) = E
{
H(i)

[
H(i)

]H
}

is the correlation matrix

of vectorH(i), γa, a = 1, ..., r are the non-zero eigenval-
ues of

(
M(i) − M̃(i)

)
RH(i)

(
M(i) − M̃(i)

)H

.

Then the corresponding rank and product criteria are

1. Rank criterion: the minimum rank of

(
M(i) − M̃(i)

)
RH(i)

(
M(i) − M̃(i)

)H

over all pairs of different matricesM(i) andM̃(i)

and should be as large as possible.

2. Product criterion: the minimum value of the prod-

uct
r∏

a=1
γa over all pairs of differentM(i) andM̃(i)

should be maximized.

For simplicity, denote

Λ(i) =
((

M(i) − M̃(i)
)
RH(i)

(
M(i) − M̃(i)

)H
)

Now we need derive the matrix form ofRH(i) . Denote

W(i) =
[
wp1(i) , · · · ,wpNF (i)

]T

(9)

and

h =
[[

h(1)
]T

, · · · ,
[
h(T )

]T
]

(10)

thus

H(i) =
(
IT ⊗W(i)

)
h. (11)

Then, we have

RH(i) = E
{(

IT ⊗W(i)
)
h

[(
IT ⊗W(i)

)
h
]H

}

=
[
IT ⊗W(i)

]
E

{
h [h]H

}[
IT ⊗

[
W(i)

]H
]

=
[
IT ⊗W(i)

]
Φ

[
IT ⊗

[
W(i)

]H
] , (12)

whereΦ = E
{
h [h]H

}

A well-known linear algebra results is that

rank (AB) ≤ min {rank (A) , rank (B)} . (13)

Applying (13), we have

rank
(
Λ(i)

) ≤
min

{
rank

(
M(i) − M̃(i)

)
, rank (RH(i))

} . (14)

Thus it is desired to maximize

min
{

rank
(
M(i) − M̃(i)

)
, rank (RH(i))

}
.



We know maximum of rank ofΦ is T (L + 1). To max-
imize the rank ofRH(i) , we need to maximize the rank
of matrix W(i) of sizeNF (i) × (L + 1) . Thus we need

to chooseNF (i) ≥ L + 1. Whenp
(i)
nF = p

(i)
1 + b(nF −

1), nF = 1, ..., NF (i), NF (i) ≥ L + 1, wherep
(i)
nF ≤ NC

andb is a positive integer,W(i) could achieve maximum
rank L + 1, thenRH(i) has the potential to achieve the
maximal rank ofT (L+1), only if Rank(Φ) = T (L+1).
That is to say, channels need to be full rank jointly in fre-
quency and time domains.

We knowM(i)− M̃(i) is of sizeNF (i)T ×NF (i)T . Thus

rank
(
M(i) − M̃(i)

)
≤ NF (i)T, (15)

and

NF (i) ≥ L + 1. (16)

This above analysis has revealed that, instead of using all
available subcarriers, using proper frequency-time (FT)
block design, which usually is a much smaller block, could
achieve diversity order up toT (L + 1), and the necessary
condition that FT block design achieve a certain diversity
order is that the rank of channel correlation matrix is equal
to the diversity order of the FT block.

FT block based LDC-OFDM was proposed across multi-
ple time varying OFDM blocks and multiple subcarriers,
thus have the potentials to achieve diversity orderT (L +
1). However, in practice, the diversity order achieved is
based on specific LDC design chosen. Originally, Hassibi
and Hochwald did not consider diversity order as design
criterion [6]. Heath and Paulraj considered both capacity
and error probability as criterion [12]; in other words, they
started to discuss diversity aspects, however, they only
consider constant channel coefficients over time within an
entire LDC codeword. This paper provides a more gen-
eral analysis that considers correlation across parallel fre-
quency channels (OFDM subcarriers) as well as across
time channel uses (OFDM blocks).

4. CONCLUSION

Exploiting both frequency and time diversity available in
frequency selective wideband OFDM channels, the pro-
posed LDC-OFDM has high transmission bandwidth ef-
ficiency and improved BER. This paper has analyzed the
upper bound diversity order that LDC-OFDM can achieve,
which provides an insight into linear dispersion over time
and frequency. Properly designed LDC-OFDM could uti-
lize full available time and frequency diversity in commu-
nications channels.
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